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Abstract. We consider the linear representations of the mapping class group 
of an n— punctured 2— sphere constructed by V. F. R. Jones using Iwahori- 
Hecke algebras of type A. We show that their faithfulness is equivalent to that 
of certain related Iwahori-Hecke algebra representation of Artin's braid group 
of n — 1 strands. In the case of n = 6, we provide a further restriction for 
the kernel using our previous result, as well as a certain relation to the Burau 
representation of degree 4. 



1. Introduction 

A linear representation of a group is said to be faithful if it is injective as a homo- 
morphism of the group into the corresponding group of linear transformations. In 
the seminal paper [7j, V. F. R. Jones constructed a family of linear representations 
of A4q , the mapping class group of an n-punctured 2-sphere with one parameter. 
Each of the family is obtained as a modification of the Iwahori-Hecke algebra rep- 
resentation of B n , Artin's braid group of n strands, provided with a rectangular 
Young diagram with n boxes. Except for the trivial cases, which correspond to the 
Young diagrams [l n ] or [n], it remains open whether these Jones representations 
of A4q are faithful or not. It might be therefore possible that some of these Jones 
representations gives a naturally defined faithful linear representation of Mq, which 
seems missing even after the work of Korkmaz [llj , and Bigelow-Budney [3] , who 
independently constructed a faithful linear representation of Mq as an induced rep- 
resentation of a faithful representation of a certain subgroup of finite index defined 
by modifying the Lawrence-Krammer representation of -B„_i, the faithfulness of 
which was established by the celebrated works of Bigelow p] and Krammer [12] . 
On the other hand, if there exists a nontrivial element in the kernel of a Jones 
representation of A4q, probably of infinite order, it might be expected to give a 
nontrivial knot with the same value of the Jones polynomial as the unknot. 

In this note, we show, for arbitrary n > 6, that the faithfulness of the Jones 
representation of M.^ corresponding to the rectangular Young diagram Y is equiv- 
alent to that of the Iwahori-Hecke algebra representation of the braid group B n -\ 
which corresponds to the unique Young diagram obtained from Y by removing a 
single box. We note that the faithfulness problem for the latter representation also 
remains open. Furthermore, in the case of n — 6, we apply our previous result [8] 
to obtain a restriction for the kernel of the Jones representation of A4q in terms of 
the mapping class group of genus 2 via the Birman-Hilden theory. The case n < 6 
is mentioned in Remark (1). and its details are discussed elsewhere [TP] . 

l 
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2. Preliminaries 

We fix some notation and briefly recall necessary material to describe Jones' 
construction. 

2.1. Mapping class groups of genus 0. Let D 2 be a 2-disk, P the set of distinct 
n points pi, P2, ■ ■ ■ , p n in IntD 2 . We call P the set of "punctures". We denote 
by D n the pair of spaces (D 2 ,P). The n-strand braid group B n is defined as 
7r Homeo + (D n ; dD n ), the mapping class group of D n . Namely, it is the group of 
the orientation preserving homeomorphisms of D n which restrict to the identity on 
the boundary, modulo the isotopy in the same class of homeomorphisms. 

We choose a simple closed curve in Int D 2 so that the disk component of its 
complement intersects with P at Po = {pi, . . . ,p n -i}- Identifying the bounding 2- 
disk with D 2 again, the inclusion defines D n -i <—> D n , which induces an injective 
homomorphism 

i : B n -\ — > B n 

by extending the homeomorphisms with the identity on D n \ D n _\, 

Next, capping off a 2-disk on dD 2 , we obtain a 2-sphere S 2 . We choose a single 
point Pn+i in the interior of the added disk, and set P + = PU{jj„+i}. As in the case 
of D 2 , we set S n = (S 2 ,P) and S n +i = (S 2 ,P + ), and define their mapping class 
groups as Mq = tto Homeo + (S' n ) and Mq +1 — tto Homeo + (5„+i), respectively. 
We denote by Mq +1 (p h +i) the subgroup of Mq +1 consisting of those mapping 
classes which fix p n +i- By "forgetting" p n +i, we obtain the natural surjective 
homomorphism 

p:MZ + \p n+1 )^M% 

The inclusion D n t —y S n +i induces the homomorphism j n : B n — > A4q +1 by again 
extending the homeomorphism with the identity. 

Proposition 2.1. For n > 2, there exists the following short exact sequence: 
(1) -> Z -> B n ^ M% +1 ( Pn+1 ) -> 1 

Here, the image of Z in B n is generated by the single element Dq, the Dehn 
twist about the simple closed curve parallel to the boundary, and coincides with 
Ccnter(_B„) if n > 3. If n = 2. Center(i?2) coincides with B2 and the image of Z 
is an index 2 subgroup of Center(_B2). 

Remark 2.2. In the case of n > 3, this proposition is nothing but [3l Lemma 2.2]. 
In the case of n — 2, the proposition follows from the fact that A4q is isomorphic 
to the symmetric group of three letters. 

Finally, we denote by k : B n — * Mq the homomomorphism induced by the 
inclusion D n S n , and obtain the commutative diagram: 




B n /(D d ) = M% +1 ( Pn+1 ) — r- MS 



where (Dq) denotes the subgroup generated by Dq. 
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2.2. Iwahori Hecke algebra representations of B n . We denote by 77 (q, n) the 

Iwahori-Hecke algebra of type A n -i- As its ground ring, we take Q(q), the quotient 
field of the polynomial ring Q[q] with q an indeterminate. Let a be the right- 
handed half twist about an arbitrary embedded arc in IntTJ 2 joining two distinct 
points of P such that no interior points of the arc intersect with P. Such a is 
unique up to conjugation in B n . Then 77 (q, n) can be defined as the quotient of the 
group ring Q(q)[B n ] of B n by the two-sided ideal generated by the single element 
(c — l)(u + q). Hence the projection defines a natural multiplication-preserving 
mapping B n — > 77(g, n). From any representation of H(q,n), this mapping gives 
rise to a representation of B n . 

Here, we summarize the facts necessary in this note about H(q,n). For details, 
we refer to [15] . 

Proposition 2.3. As a Q(q) -algebra, 77(g, n) is semisimple. Furthermore, all the 
irreducible representations of H(q,n) are in one-to-one correspondence with all the 
Young diagrams with n boxes. 

Let Y be a Young diagram with n boxes. We denote by Vy the representation 
space of the corresponding representation of H(q,n), and by iry ■ B n — > GL(Vy) 
the representation obtained from Vy as above. The identity element of GL(Vy) 
will be denoted by 7. As usual, we adopt the notation that 7T[ n ] denotes the one- 
dimensional scalar representation a i— » q ■ I , which coincides with the notation of 
[7]. Then the representation 7Tn»i is the one-dimensional representation defined by 
cr i— > —I, We call this representation sgn. 

Proposition 2.4. Let Y be an arbitrary Young diagram with n boxes. We denote 
all the distinct Young diagrams obtained from Y by removing a single box by Yq , 
Yq , Yq . Then the representation of 77„_i obtained as the composition of Try 
with the injection i : 77„_i — » B n is equivalent to the direct sum iry 1 ©7Ty2 ©• • -®tty^ 
as representations overQ(q). 

Next, let & n denote the permutation group of n letters, and v : B n — > 6 n the 
homomorphism induced by the permutation of the puncture set P. 

Proposition 2.5. Let Y be a Young diagram with n boxes. Then the specializa- 
tion of the representation Try of B n at q = 1 descends via v to the irreducible 
representation of & n over Q which corresponds to the same Young diagram Y . 

2.3. Jones' construction. Let Y be an arbitrary Young diagram with n boxes, 
and iry the corresponding irreducible representation of B n with the represnentation 
space Vy. We denote by d (= dy) the dimension of Vy over Q(q). According to 
the analysis in [7] , the Dehn twist Dg along the boundary curve is mapped under 
Try to the scalar g r ™(™- 1 )/ d p Here, r is a certain non-negative integer defined as 
rank (7 + iiy (cr)). A precise combinatorial description of r can be found in [7j. 
Important here is the fact that r is equal to if and only if Y = [1™]. We also 
remark that rn(n — l)/d is always an integer. 

We now adjust Try by rescaling so that the image of Dg becomes trivial, appealing 
to the well-known fact that the abelianization of B n is Z. For that purpose, we 
need the formal power q x l d . To avoid confusion, we introduce another indeterminate 
corresponding to q x l d . Let t be another indeterminate. We consider the Q-algebra 
homomorphism Q(q) — > Q(t) defined by q i— > t d . This homomorphism naturally 
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gives rise to a structure of a Q(g)-algebra on Q(t). From now on, we consider every 
representation over Q(q) also as that over Q(t) by coefficient extension. 

We denote the representation obtained as the composition of the abelianization 
of B n with the mapping m £ Z i— > (i -r ) m by 

a : fl„ -> GL(Q(t)). 

Clearly, a is trivial if and only if r — 0, i.e., if and only if Y = [1™]. We now consider 
the representation a <8>Q( g ) 7ry. Its representation space is My = Q(t) ®Q( g ) Vy 
which is a d-dimensional vector space over Q(t). Since the abelianization maps Dq 
to n(n - 1) 6 Z, we have a <8>q( 9 ) 7ry(£)g) = /. Therefore, by Proposition 12. li the 
representation a ®Q( g ) 7Ty descends via j'„ to that of M.q + (p n+ i). The condition 
that this representation further descends to that of A4q is given in [7]: 

Proposition 2.6. Via the homomorphism k : B n — > Mq, the representation 
a ®Q(q) Try descends to that of A4q if and only ifY is rectangular. 

For a rectangular Young diagram Y with n boxes, we call the representation of 
_Mq given by Proposition 12.61 the Jones representation of the n-punctured sphere 
corresponding to Y, and denote it by fry : Mq — > GL(My), with My = Vy ® Q(f). 

3. The faithfulness of fry 
With the preparation above, we can now state our main result. 

Theorem 3.1. Suppose that Y is a rectangular Young diagram with n boxes, ^ [n\, 
[1™] . Let Y$ be the unique Young diagram obtained from Y by removing a single 
box. Assume further that n > 6. Then the representation 

fry : 7W™ -> GL (My) 

is faithful if and only if the representation 

tt Yo :B n _ x -GL(W ) 

is faithful. 

Remark 3.2. (1) For n < 6, there exists only a single case where the other as- 
sumptions of Theorem IQ on Y hold: n = 4, Y = [2, 2], and F = [2, 1]. In this 
case, the theorem is not true. In fact, on the one hand, 7ry is the reduced Burau 
representation of B%, and is classically known to be faithful [2] . On the other hand, 
we can verify that the kernel of fry is isomorphic to Z/2Z © Z/2Z, and coincides 
with the kernel of the natural homomorphism M.q —> PSL(2,Z) described in pQ. 
In another word, ffp.2] descends to a faithful representation of PSL(2,Z). We also 
note PSL(2,Z) = B 3 / Center (B 3 ). We discuss the details in [TO] . 

(2) If n is prime, there exist no Young diagrams satisfying the assumptions of the 
theorem. Therefore, we cannot expect that the Jones representations here would 
provide faithful representations of B n for all n, different from the representations 
obtained from the Lawrence-Krammer representations. 

Proof of Theorem \3.1\ Via the injective homomorphism i : B n _i — > B n , we con- 
sider B n _i as a subgroup of B n . Since Yq is the unique Young diagram obtained 
from Y by removing a single box, the restriction of 7Ty to B„_i coincides with 7ry 
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by Proposition 12.41 Hence we have the following commutative diagram: 




M n { Pn ) M% GL (My) 

where eta denotes the restriction of a to B n -\- 

Suppose now that 7fy is faithful. For x G i? n -i, x denotes the corresponding 
element j n -i(x) in VWg(p n ). If 7ry (x) = 1, then 

tt y (x) = ir Y „(x) ■ a (x) = a(x) ■ I. 

Therefore, by the faithfulness of fry, x lies in the center of A4q . On the other hand, 
by Gillette-Buskirk [5], it is known that the center of A4q is trivial. Hence, we have 
x = 1, that is, x G Ker j n -i- Now, by Proposition 12 . 1 1 for n — 1, & G Center(_B„_i). 
Then the faithfulness of 7ry reduces to its faithfulness on Center(£?„_i), which can 
be seen as follows. Since Y ^ [l n ], we can see that a, and therefore ao, is non- 
trivial, as noted in Section ^. 31 Since cto factors through the abelianization of -B n _i, 
it is faithful on Centcr(_B„_i). Together with the fact that «o ® To is trivial on 
Kerj„-i = Center(i3„_ 1 ), this implies that 7Ty is faithful on Center (£? n _i). This 
completes the proof that 7Ty is faithful. 

Suppose next that 7ry is faithful. Assume that / G Mq and 7fy(/) = 1. By 
Proposition 12.51 the specialization of 7fy at t = 1 descends to the irreducible rep- 
resentation of the symmetric group <B„ corresponding to Y. By the assumption 
Y ^ [l n ], [n], we can see that this specialization is a faithful representation of & n . 
In fact, since n > 5, it is a classical fact that the alternating group 2l„ is a simple 
finite group. Therefore, the kernel of the specialization is either <3„, 2l n , or {1}. 
But since Y ^ [1"], [n], we can conclude that the kernel is not 6 n nor 2l„. Hence 
the specialization is faithful on & n . Therefore, the permutation of the set of punc- 
tures P induced by / is trivial. In particular, we have / G Mgipn)- Hence, there 
exists some x G -B n -i such that x = /. Then we have 

a(x) ■ 7TY (x) = 7fy(/) = 7. 

So, we have 7Ty (a;) = a(x)~ l ■ I, and then by the assumption that 7ry is faithful, 
x G Center (B n _i). Hence, / = x = 1 G Mq. Therefore, Kerffy = {1}. This 
completes the proof of Theorem 13.11 □ 

Remark 3.3. In the course of the proof above, the use of the result in [5], to show 
x G Center(B n _i) under the asumpstion that 7fy be faithful and tty (x) — 1, is 
not necessary as follows. Since x G Center(A / <o )i it holds for any r G S n -i that 
[x,f] = 1 in M.q- Hence [x,t] G Kerj„-i = Center(i?„_i). On the other hand, 
we see 7Ty [x,T] = [tty q (x), tty (t)] = [l,7Ty (r)] = 1. Since we have already seen 
the faithfulness of 7ry on Center(_B„_i), we have [x,t] — 1 for any r G B n —i, i.e., 
x G Center(B n _i). 
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4. Hyperelliptic MAPPING CLASS GROUP 

In order to consider the case n = 6 further, we need to consider the Jones 
representation of Mq, with n even, as a representation of hyperelliptic mapping 
class group, as follows. Let E s be a closed oriented surface of genus g > 2 and let 
M. g be its mapping class group. The hyperelliptic mapping class group H g of genus 
g is defined as the subgroup of M. g consisting of those elements which commute 
with the class of a fixed hyperelliptic involution t : E g — » H g . We identify the 
quotient orbifold of E ff by the action of i with S2 g +2 where the singular locus of 
the orbifold corresponds to P, the set of punctures. Due to Birman-Hilden [4], the 
natural projection Y, g — > 5*2^+2 induces the following short exact sequence: 

-> Z/2Z -> H g 2* M 2 9+2 -> 1 

where the image of Z/2Z in H g is generated by the class of t. Provided with an 
arbitrarily rectangular Young diagram Y with (2g + 2) boxes, we obtain, following 
Jones [7] , the representation of Hg 

PY-Hg^ GL(M y ) 

as the composition of 7fy with the above homomorphism q. As a corollary to 
Theorem 13. 11 we have: 

Corollary 4.1. Kerpy = Z/2Z if and only if tty is faithful. 

5. The case of g = 2 

In the case of g = 2, it is classically known that H2 = M.2- Also, because of the 
"column-row symmetry", the representation of M.2 obtained as above is essentially 
unique (c.f. [U Section 2.2]). So, we take Y — [2 3 ], and consider the representation 

P = Ppf] : M 2 -> GL(M [23] ). 

We can now say a little bit about Kerp, and hence about Kerff^]. Let 

po : Al 2 ^Sp(4,Z) 

be the symplectic representation induced by the action of M.2 on the homology 
group ifi(£2;Z). The Torelli group I2 is defined as Kerpo- 

Theorem 5.1. Kerp = Z/2Z0 (KerpHX2)- Here, Z/2Z zs generated by the class 
of the hyperelliptic involution l. In particular, p is faithful on I2 if and only if 
ft[2 2 ,i] is a faithful representation of B§. 

By the definition p = 7f[ 2 3 ] <7i w e have Ker 7f[ 2 3] = q(Ker p). Therefore, Theorem 
15.11 implies immediately a restriction of the kernel for the case n = 6: 

Corollary 5.2. Ker7fr 2 3] C q{I 2 ) — T-i- 

Proof of Theorem \5.1\ It suffices to prove the isomorphism in the first part of the 
theorem since the rest of the theorem is then a direct consequence of Corollarv l4.ll 
We construct the isomorphism directly. Set K = Kerp, and Kq = K 0X2- Note 
that l lies in K by the definition of p. We then define a mapping ho : Z © Kq — * K 
by ho(a,x) — i a ■ x. Since t 2 = 1, h$ descends to a well-defined mapping 

h : Z/2Z © K Q K. 

Hereafter, the multiplication in Z/2Z is written additively, and each element of 
Z/2Z will be denoted by its representative in Z, so that 1 + 1 = in Z/2Z. Since 1 
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lies in Center (.M 2 ), the mapping h is actually a homomorphism of group. Suppose 
next that h(a,x) — 1, i.e., i a ■ x — 1. Then, by taking the image under po, we have 
(— I) a ■ po(x) = I. Since po(x) = I, we have (—I) a = 1. Therefore, we have a = 
in Z/2Z, and hence cc = 1. This shows that the homomorphism h is injective. 

Next, to prove that h is surjective, we consider the specialization of p at t = — 1. 
By our previous result [8] , this specialization is trivial on Z 2 and can be described 
as follows. Let sgn denote the one-dimensional representation of A4 2 which sends 
the Dehn twist along every non-separating simple closed curve to —1. It is easy to 
see that sgn is trivial on T 2) and therefore descends to a representation of Sp(4, Z), 
denoted by sgn. Now, let A denote the linear representation of Sp(4, Z) which is 
induced by the natural action on A 2 f/i(£ 2 ; Z)/wZ where u> denotes the symplectic 
class in A 2 f/i(£ 2 ; Z). Then the specialization of p at t = —1 is equivalent to 
(sgn ® A) o p (JSJ Lemma 2.1]). 

Claim 5.3. As a subgroup of Sp(4,Z), the kernel of sgn® A coincides with {±J}. 

This claim implies the surjectivity of h as follows. Note that we have an obvious 
relation 

K C Ker (the specialization of p at t = —1) = Ker ((sgn <S> A) o p ). 

Taking the images of the both ends under po, we have po(K) C {H} by the claim. 
On the other hand, it is easy to see that po(t) = —I. Therefore, recalling that 
t G K again, we have the equality po(Ker p) = {±/}. 

Now, let z be an arbitrary element of K. Then, we have either po(z) = I, or 
Po(z) = —I. In the case of po(z) = I, we have z e Hq and hence z — h(0, z). In the 
case of po{z) = —I, take x = lz. We then have po(x) = po(t) ■ Po(x) = (—I) 2 = I, 
and hence x S Hq. Since z = ix, we have z = h(l,x). This shows that h is 
surjective. Therefore, we have proven that h is an isomorphism. This finishes the 
proof of Theorem 15.11 □ 

We now prove Claim 15.31 to complete the proof of Theorem 15.11 Most essential 
is Lemma 15.41 below, the proof of which is postponed until Appendix. It is clear 
that {±7} C Ker (sgn <£) A). To show the converse, suppose X s Ker (sgn <S> A). By 
the definition of sgn, we see that X(X) is equal to either I or —I. On the other 
hand, it is easy to see that A(— J) = /, and thus the representation A descends to a 
representation of PSp(4, Z) = Sp(4, Z)/{±7}, denoted by 

A : PSp(4,Z) -» GL(V). 

Here, V denotes A 2 i?i(X) 2 ;Z)/u;Z. Then, for the element X £ PSp(4,Z) corre- 
sponding to X, we have X(X) G Center (GL(V)). Now the lemma is in order. 

Lemma 5.4. (1) PSp(4, Z) has no nontrivial centers. 
(2) As a representation o/PSp(4,Z), A is faithful. 

Then the part (2) of the lemma implies that X lies in Center (PSp(4, Z)). Next, 
by the part (1), we have X = I in PSp(4,Z). Hence, we have X G {±^}- This 
completes the proof of Claim 15.31 □ 

Remark 5.5. By the celebrated theorem of Mess [16], the Torelli group T2 is 
an infinitely generated free group. Therefore, we can see, by Corollary 15. 2\ that 
Ker7q 2 3] is, if non-trivial, a free group. On the other hand, our previous results on 
the non-triviality of /9[ 2 3] [El [9] could be considered as showing the non-triviality of 
7f[ 2 3], and hence of 77^2^1. 
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Remark 5.6. It seems quite difficult to determine whether or not the represen- 
tation 7T[ 2 2 !], and therefore p\i 2 , is faithful. As an example, let us consider the 
restriction of TTraa 1] to B4. By Proposition 12.41 this restriction decomposes as 
7r [2.i 2 ] © 7r [2.2]- Then, by a result of Long [13] . this direct sum is faithful if and 
only if either one of the summands is faithful. On the other hand, it is easy to see 
that the representation ^[2,2] is n °t faithful since 7172,2] can be expressed as the com- 
position of 7^2,1] with a certain homomorphism B4 — » B3 with non-trivial kernel. 
Therefore, we can see that Tpa 11 is faithful on B4 if and only if Tt[2,i 2 ] is faithful. 
Now, it is well-known that 7T[2 i»i is equivalent to the tensor product of sgn and 
the reduced Burau representation of B4 (see [7J Note 5.7]). One can easily check 
that tensoring sgn does not affect the kernel, and so we can conclude that 7^22,1] is 
faithful on B4 if and only if the reduced Burau representation of B4 is faithful. In 
particular, the unfaithfulness of the reduced Burau representation of B4 implies the 
unfaithfulness of tt^a] and p\i 2 - We note that the reduced Burau representation 
of -B4 is the only representation among all the reduced Burau representations the 
faithfulness of which remains open. 

Appendix — the proof of Lemma I5TH 

It seems that Lemma [5^41 is well-known to experts, but because we are unable to 
provide any suitable reference in the literature, we include a proof here. We will use 
some well-known properties of PSp(4,Z/pZ) = Sp(4, Z/pZ)/{±7}, for the details 
of which we refer to [6]. Let p be a prime number. Taking the mod p reduction 
Z — * Z/pZ for each matrix entry, we obtain a homomorphism of group 

k p : Sp(4,Z) -> Sp(4,Z/pZ). 

Since k p (—I) = —I, k p induces a homomorphism k p : PSp(4,Z) — > PSp(4, Z/pZ). 
Note that Ker k v consists of those matrices in Sp(4, Z) for which every diagonal entry 
is equal to 1 mod p and every off-diagonal entry is equal to mod p. Therefore, 
we can observe that the intersection of Kerfc p 's, when p varies among infinitely 
many arbitrary primes, consists of the single matrix /. It is also well-known that 
Sp(4, Z/pZ) is generated by transvections, and every transvection in PSp(4, Z/pZ) 
comes from the one in Sp(4,Z) via k p . Therefore, k p and hence k p are surjective. 

Now we prove the first part of the lemma. For each X G Sp(4, Z), we denote by 
X the corresponding clement of PSp(4, Z). Clearly, every element of PSp(4, Z) has 
an expression of this form. Let us choose an arbitrary element in Center (PSp(4, Z)) 
and denote it by Z with Z 6 Sp(4,Z). Since the homomorphism k p is surjective, 
k p (Z) lies in Center (PSp(4, Z/pZ)). We appeal to the following classical theorem. 

Proposition A. The finite group PSp(4,Z/pZ) is simple for every prime p > 3. 

In particular, for p > 3, PSp(4, Z/pZ) has no nontrivial centers. Therefore, we 
have k p (Z) = I in PSp(4,Z/pZ). In other words, we have k p (Z) = I, or —I for 
p > 3. Therefore, either one of Z or — Z is contained in infinitely many (Ker k p ) s'. 
Then the observation above implies that Z = I, or —I. In either case, we have 
Z = I in PSp(4, Z). This proves the first part of the lemma. 

Next, we proceed to (2). Recall that the representation A of PSp(4, Z) is induced 
by the natural action A of Sp(4, Z) on the free abelian group V = A 2 iii(£ 2 ; Z)/wZ, 
via the symplectic representation pQ, Let V p denote V (8> Z/pZ. We consider the 
representation A ® lz/ P z '■ Sp(4, Z) — > GL(V^). Here, \%i v % denotes the identity 
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on Z/pZ. Clearly, we have Ker k p C Ker (A ® lz/ P z), and thus the representation 
A<8> lz/pz descends to that of Sp(4, Z/pZ), denoted by 

A p :Sp(4,Z/pZ)^GL(V p ). 

Furthermore, recalling that A(— I) = I in GL(V), we see that A p descends to a rep- 
resentation of PSp(4, Z/pZ) denoted by X p . It is easy to check that X p is nontrivial 
for arbitrary prime p, for instance by computing the image under X p ok p o p of the 
Dehn twist along any non-separating simple closed curve. Then, by Proposition 
A again, X p is a faithful representation of PSp(4, Z/pZ) for p > 3. Therefore, for 
arbitrary X <G Ker A, we have k p (X) = I, or —I. Now the same argument as in (1) 
implies X = I in PSp(4, Z). This proves (2), and hence the lemma. □ 
We remark that the same proof as above works for PSp(2g, Z) with general g > 2, 
and its nontrivial linear representation defined naturally on an arbitrary free abelian 
subquoticnt of the tensor product of copies of the fundamental representation. 
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